Bounding the Betti numbers of real hypersurfaces near the tropical limit by Renaudineau, Arthur & Shaw, Kristin
BOUNDING THE BETTI NUMBERS OF REAL
HYPERSURFACES NEAR THE TROPICAL LIMIT
ARTHUR RENAUDINEAU AND KRISTIN SHAW
Abstract. We prove an upper bound on the Betti numbers of real alge-
braic hypersurfaces obtained by primitive combinatorial patchworking.
These bounds are given in terms of the dimensions of tropical homology
groups with Z2-coefficients of a tropical hypersurface. To establish these
bounds, we introduce a real variant of tropical homology and define a
filtration on the corresponding chain complex inspired by Kalinin’s fil-
tration. The terms of the first page of the spectral sequence associated
to this filtration are the tropical homology groups with Z2-coefficients.
Tropical homology groups with rational coefficients give Hodge num-
bers of complex projective varieties by a theorem of Itenberg, Mikhalkin,
Katzarkov, and Zharkov. We conjecture that, in the case of tropical hy-
persurfaces, the dimensions of the rational and Z2-tropical homology
groups are equal. This would imply a bound conjectured by Itenberg
on the Betti numbers of the real part of a patchworked hypersurface in
terms of Hodge numbers. Using our techniques we also recover Haas’
combinatorial criterion for the maximality of patchworked plane curves.
1. Introduction
A real hypersurface V ⊂ Pn+1 of degree d is a hypersurface defined by
a real homogeneous polynomial f(z0, . . . , zn+1) ∈ R[z0, . . . , zn+1] of degree
d. We let RV denote the set of real points of V and CV denote the set
of its complex points. The following fundamental question in real algebraic
geometry can be traced back beyond Hilbert sixteenth problem [Hil00]. See
also [Wil78] and [DK00] for surveys.
Question 1. For any 0 ≤ q ≤ n, what is the maximal possible value of the
q-th Betti number
bq(RV ) := dimZ2 Hq(RV ;Z2)
among non-singular real algebraic hypersurfaces V in Pn+1 of degree d?
In 1876, Harnack [Har] proved for non-singular real plane curves the op-
timal bound b0(RV ) ≤ g(CV ) + 1, where g(CV ) denotes the genus of the
complex curve. In higher dimensions, the Smith-Thom inequality generalises
Harnack’s inequality for any real algebraic variety by bounding the sum of
the Betti numbers of the real part by the sum of the complexification,
n∑
q=0
bq(RV ) ≤
2n∑
q=0
bq(CV ). (1.1)
A real algebraic variety is called an M -variety, or a maximal variety, if it
satisfies equality in (1.1). Viro proved the existence of non-singular maximal
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surfaces of any degree in P3 [Vir79]. This was later generalised to non-
singular projective hypersurfaces of any dimension [IV07], [IV].
Beyond the case of plane curves, no optimal bounds are known in general
on the individual Betti numbers of real algebraic varieties. For example,
in the case of non-singular real algebraic surfaces, the maximal values of
the individual Betti numbers are unknown beyond degree 5. It is known
that the maximal number of connected components of a non-singular real
algebraic quintic surface is either 23, 24, or 25 and the maximal value of the
first Betti number is either 45 or 47, see [Ore01] and [IK96]. In 1980, Viro
formulated the following conjecture for all real projective surfaces.
Conjecture (Viro). Let V be a compact non-singular real projective surface
such that CV is simply connected. Then
b1(RV ) ≤ h1,1(CV ),
where h1,1(CV ) denotes the (1, 1)-th Hodge number of CV .
In general, we will denote by hp,q(CV ) the (p, q)-th Hodge number of
CV . When V is the double covering of P2 ramified along a curve of even
degree, this conjecture is a reformulation of the refined Ragsdale’s conjec-
ture [Rag04], [Pet38] [Vir80]. The first counterexample to the refined Rags-
dale’s conjecture was constructed by Itenberg [Ite93]. This paved the way
to various counterexamples to Viro’s conjecture and to constructions of real
algebraic surfaces with many connected components, for example those in
[Ite97], [Bih99], and [Bru06]. It is still not known whether Viro’s conjecture
is true for maximal surfaces.
There are two main directions in Question 1. The first is to prohibit
topologies of a real algebraic variety, as is the case for the Smith-Thom
inequality. The second direction is to provide constructions of real alge-
braic varieties with given topology. Viro’s patchworking method provided
a breakthrough in the second direction [Vir84]. This technique continues
to be the most powerful tool to construct real algebraic varieties in toric
varieties with determined topology. We will be here interested in a particu-
lar case of this method, called Viro’s combinatorial patchworking and more
precisely primitive combinatorial patchworking. We present in Section 3 a
tropical description of primitive combinatorial patchworking in the case of
projective hypersurfaces. We recall the relation to the standard combina-
torial patchworking in Remark 3.6. We restrict the tropical description to
the projective situation since its translation to the setting of general toric
hypersurfaces is analogous. The main result of the paper is the following
statement, the proof of which is contained in Section 4.
Theorem 2. Let V be a non-singular real algebraic hypersurface in a toric
variety obtained from a primitive patchworking of a tropical hypersurface X
equipped with a real structure. Then for all q we have,
bq(RV ) ≤
n∑
p=0
dimHq(X;Fp),
where Hq(X;Fp) is a tropical homology group with Z2-coefficients.
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The tropical homology groups as introduced by Itenberg, Katzarkov,
Mikhalkin and Zharkov [IKMZ16], are defined using Q-coefficients and are
denoted by Hq(X;FQp ), where FQp is a cellular cosheaf on X. A cellular
cosheaf G on a tropical hypersurface X consists of a vector space G(σ) for
each face σ of X together with linear maps iστ : G(σ) → G(τ) for each
inclusion of faces τ ⊂ σ. These linear maps must satisfy commutativity
conditions for all faces ρ ⊂ τ1, τ2 and σ ⊃ τ1, τ2. Here we use a Z2-variant of
tropical homology and denote the multitangent cosheaf with Z2-coefficients
simply by Fp.
The dimensions of the tropical homology groups with Q-coefficients are
equal to the corresponding Hodge numbers for non-singular projective hy-
persurfaces by [IKMZ16, Corollary 2]. Notice that we always have,
dimHq(X;Fp) ≥ dimHq(X;FQp ).
Proving that Hq(X;FZp ) has no 2-torsion for projective hypersurfaces would
prove the following conjecture of Itenberg from 2005, which later appeared
in [Ite17].
Conjecture 3. Let V be a real hypersurface in Pn+1 arising from a primitive
patchworking. Then for any integer q = 0, . . . , n we have
bq(RV ) ≤
{
hq,q(CV ) for q = n/2,
hq,n−q(CV ) + 1 otherwise.
In the case of n = 2, the above bounds were already proven by Itenberg
[Ite97], and are explicitly,
b0(RV ) ≤
(
d− 1
3
)
+ 1 and b1(RV ) ≤ 2d
3 − 6d2 + 7d
3
.
For example, real algebraic surfaces of degree 5 arising from a primitive
patchworking satisfy b0(RV ) ≤ 5 and b1(RV ) ≤ 45. Moreover, asymptotic
analogues of the bounds in Conjecture 3 were proved by Itenberg and Viro
[IV07].
To prove Theorem 2, for a tropical hypersurface X equipped with a real
phase structure E , we introduce in Section 3.2 a cellular cosheaf SE on X
called the sign cosheaf. In Proposition 3.14, we prove that the homology
groups of sign cosheaf are isomorphic to the homology groups of the real
part of the real phase tropical hypersurface. The next step of the proof is
to construct a filtration of the chain complex with coefficients in SE ,
0 ⊂ C•(X;Kn) ⊂ · · · ⊂ C•(X;Kp) ⊂ · · · ⊂ C•(X;SE), (1.2)
where the Kp’s are a collection of cellular cosheaves on X, see Definition 4.1.
For every p and each face τ of X, we define linear maps bvp : Kp(τ) →
Fp(τ) in Definition 4.5 and Proposition 4.8. It is also proved in Proposi-
tion 4.8 that these linear maps are surjective and satisfy Ker(bvp : Kp(τ)→
Fp(τ)) = Kp+1(τ). Proposition 4.9 shows that these linear maps commute
with the cosheaf maps and thus induce morphisms of chain complexes. It
follows that we obtain the filtration in (1.2).
Then we consider the spectral sequence (E••,•, ∂•) associated to this fil-
tration. This spectral sequence degenerates since it arises from a filtration
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of a chain complex consisting of finite dimensional chain groups. Therefore
we obtain,
bq(RXE) = dimHq(X;SE) =
n∑
p=0
dimE∞q,p.
The last step of the proof of Theorem 2 is to relate the terms on the
first page of this spectral sequence to the tropical homology groups with Z2.
Indeed in Corollary 4.10 we prove that,
E1q,p = Hq(C•(X,Kp)/C•(X,Kp+1)) ∼= Hq(X;Fp).
In Section 5, we restrict our attention to real plane curves arising from
primitive patchworkings. In this case, the only possible non-zero differential
of the spectral sequence is on the first page. Utilising the isomorphism in
Corollary 4.10, the differential is ∂1 : H1(C;F0) → H0(C;F1). In Theorem
5.2, we explicitly describe this linear map using the twist description of
patchworking for curves [BIMS15, Section 3]. Using this description we also
recover Haas’ criterion for the maximality of primitive patchworked plane
curves in Theorem 5.4.
To end the introduction we would like to make a few remarks about the
geometric inspiration behind the proofs of Theorem 2. The construction of
the cosheaves SE , Kp, and Fp, together with the linear maps bvp, are all pre-
sented using linear algebra, yet their definitions are geometrically motivated.
In the case of the sign cosheaf, the Z2-vector space SE(σ) associated to a
face σ of X is isomorphic to H0(RPn\RAσ;Z2), where Aσ is a real hyper-
plane arrangement determined by the face σ. Moreover, by Lemma 2.5 the
cosheaves Fp from tropical homology satisfy Fp(σ) = Hp(CPn\CAσ;Z2).
For real varieties, Viro homomorphisms are partially defined multivalued
homomorphisms
bv∗ : H∗(RV ;Z2) 99K H∗(CV ;Z2),
where H∗(RV ;Z2) and H∗(CV ;Z2) denote the total homology of the real
and complex parts respectively. A description of these homomorphisms is
given in [DK00, Appendix A2]. The complement of a real hyperplane
arrangement A in RPn is a disjoint union of convex regions and therefore
satisfies Hq(RPn\RA;Z2) = 0 for all q 6= 0. Moreover, the complement
of a real hyperplane arrangement is a maximal variety in the sense of the
Smith-Thom inequality [OT92, Introduction p.6]. Therefore, in this special
case the Viro homomorphism gives a collection of well defined graded maps
bvp : Kp → Hp(CPn\CA;Z2),
where Kp := Ker(bvp−1) ⊂ Kp−1 and K0 := H0(RPn\RA;Z2). The map
bv0 is equal to the map i∗ induced by the inclusion i : RPn\RA → CPn\CA.
The map bvp is defined as follows. Given α ∈ Ker(bvp−1), consider a p-chain
β in CPn\CA such that ∂β = bvp−1(α). Then bvp(α) is the homology class of
the cycle β+ conj(β). It follows from the maximality of CPn\CA that com-
plex conjugation acts as the identity on homology groups, see [Wil78, Corol-
lary A.2]. Therefore, the maps bvp are well defined as they do not depend on
the choice of the chain β. Kalinin’s spectral sequence [Kal05] induces a filtra-
tion on the real homology of a variety, which in the case of a real hyperplane
arrangement is given by 0 ⊂ Kn ⊂ · · · ⊂ · · · ⊂ K1 ⊂ H0(RPn\RA;Z2). Our
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formally defined filtration of the cellular chain complex of SE is inspired by
this filtration of Kalinin.
Although we do not use this geometry in the presentation of our argu-
ments, we borrow the notation for the Viro homomorphisms for our maps
bvp : Kp → Fp and use the letter K to denote the pieces of the filtration of
SE in reference to Kalinin’s filtration.
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2. Projective tropical hypersurfaces
The tropical numbers are the set T = [−∞,∞). We equip T with the
topology of a half open interval and Tn with the product topology. The
sedentarity of a point x ∈ Tn is sed(x) := {i | xi = −∞} ⊂ {1, . . . , n}. We
let TnI denote the set of points of sedentarity I. Notice that TnI ∼= Rn−|I|,
and that TnI is an open set. The notion of sedentarity defines a stratification
on Tn.
Analogous to projective space over a field, tropical projective space is the
quotient
TPn+1 =
Tn+2\(−∞, . . . ,−∞)
[x0 : · · · : xn+1] ∼ [a+ x0 : · · · : a+ xn+1] ,
where a ∈ T\ −∞. Tropical projective space also admits a stratification by
the sedentarity of homogeneous coordinates. For a subset I ⊂ {0, . . . , n+1}
we define the I-th open stratum of TPn+1 to be
TPn+1I = {x ∈ TPn | xi = −∞ if and only if i ∈ I}.
2.1. Tropical hypersurfaces. A tropical polynomial in n+ 1 variables is
a function Ptrop : Rn+1 → R of the form
Ptrop(x) = max
i∈A
(ai + 〈i, x〉), (2.1)
where 〈 · , · 〉 denotes the standard scalar product in Rn+1, the set A is a
finite subset of Zn+1, and ai ∈ T for all i ∈ A.
A tropical polynomial of the form in (2.1) induces a regular subdivision of
the Newton polytope of its defining polynomial. A tropical hypersurface X in
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Rn+1 is the locus of non-differentiability of a tropical polynomial together
with weights assigned to its top dimensional faces, also known as facets.
There is a duality between the tropical hypersurface of a polynomial and the
regular subdivision of the Newton polytope induced by the convex-hull of the
graph of i→ ai, therefore this subdivision is called the dual subdivision of X.
The weight of a facet is the integer length of segment of the dual subdivision
dual to the facet. We refer the reader to [MS15, Section 3.1], [BIMS15,
Section 5.1], and [MR, Section 2.3] for further details and examples.
We define a tropical hypersurface in TPn+1 to be the closure of a tropical
hypersurface in Rn+1 ⊂ TPn+1. Let ∆d,n+1 denote the size d standard
lattice simplex of dimension n+ 1. That is
∆d,n+1 = ConvHull{0, de1, . . . , den+1},
where e1, . . . , en+1 denote the standard basis vectors of Rn+1. A regular
subdivision is primitive if each full dimensional polytope of the subdivision
has normalised lattice volume equal to 1.
Definition 2.1. A tropical hypersurface X ⊂ TPn+1 is non-singular and of
degree d if the Newton polytope of X is equal to the standard simplex ∆d,n+1
for d ∈ Z>0 and the dual subdivision of X is primitive.
If X ⊂ TPn+1 is a tropical hypersurface, set XI := X ∩ TPn+1I for any
proper subset I ⊂ {0, . . . , n + 1}. If X is non-singular, then the closure of
XI ⊂ TPn+1I is a non-singular tropical hypersurface of dimension n− |I| in
TPn+1−|I|. Our convention is that all faces of X ⊂ TPn+1 are closed sets,
and also that all faces of XI are closed in TPn+1I ' Rn+1−|I|. For a face
σ of a tropical hypersurface X ⊂ TPn+1, we let int(σ) denote its relative
interior. The sedentarity of a face σ is denoted by sed(σ) and is equal to I
if int(σ) ⊂ TPn+1I .
2.2. Tropical homology. The cosheaves that we use throughout the text
will always be vector spaces over Z2 unless it is otherwise clearly stated.
Let X be a non-singular tropical hypersurface in TPn+1. For a face σ of X
of sedentarity I, let T (σ) ⊂ T (TPn+1I ) denote the tangent space of int(σ).
Since σ is a rational polyhedron there is a natural lattice TZ(σ) of dimension
dim(σ) contained in T (σ). Since X is a non-singular hypersurface, at any
vertex v adjacent to σ, one can complete a basis of the free Z-module TZ(σ)
into a basis of Zn+1−|I| with vectors in TZ(σi) for σi faces adjacent to v.
Thus the reduction modulo 2 of the free Z-module TZ(σ) is a vector space
of the same dimension, denoted by F1(σ). We extend this definition to the
ambient space TPn+1I by considering the reduction modulo 2 of the free Z-
module TZ(TPn+1I ). We let F1(TPn+1I ) denote the reduction modulo 2 of
the rank n+ 1− |I| lattice in the tangent space of TPn+1I ∼= Rn−|I|.
For proper subsets I ⊂ J of {0, . . . , n+ 1}, we let
piIJ : F1(TPn+1I )→ F1(TPn+1J ) (2.2)
denote the map induced by the projection between the tangent spaces of the
strata. For faces τ ⊂ σ of X we use the notation piστ to denote the linear
map piIJ : F1(TPn+1I )→ F1(TPn+1J ) where I = sed(σ) and J = sed(τ).
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Definition 2.2. Let X be a non-singular tropical hypersurface in TPn+1.
The p-mutli-tangent spaces of X are cellular cosheaves Fp on X. For a face
τ of sedentarity I we have
Fp(τ) =
∑
τ⊂σ⊂XI
dim(σ)=n−|I|
∧pF1(σ). (2.3)
When τ ⊂ σ, the maps of the cellular cosheaf iστ : Fp(σ) → Fp(τ) are in-
duced by the inclusions F1(σ)→ F1(τ) if σ and τ have the same sedentarity
and otherwise are induced by the quotients piστ composed with inclusions.
Example 2.3. The tropical hyperplane X ⊂ TP 3 is the closure of a two
dimensional fan X∅ in R3. The fan X∅ has rays τ1, τ2, τ3, and τ0 in respective
directions −e1,−e2,−e3, and e0 = e1 + e2 + e3, where ei’s are the standard
basis vectors. Every pair of rays generates a two dimensional face of X∩R3,
see the right hand side of Figure 2. Denote by εi the reduction of ei mod 2.
Let σij denote the two dimensional face spanned by rays τi and τj . Then
F1(σij) = Z2 {εi, εj} and F2(σij) = Z2 {εi ∧ εj}. For the ray τi, we obtain
F1(τi) = Z32 and F1(τi) = Z2
{
εi ∧ εj , εi ∧ εj′
}
where εi, εj , εj′ form a basis
of Z32. For any face τ of X, we have F0(τ) = Z2. Here as in the whole text,
we denote by Z2 {S} the Z2-vector space generated by the elements in the
set S.
Definition 2.4. The groups of cellular q-chains with coefficients in Fp are
Cq(X;Fp) =
⊕
dimσ=q
Fp(σ).
The boundary maps ∂ : Cq(X;Fp) → Cq−1(X;Fp) are given by the direct
sums of the cosheaf maps iστ for τ ⊂ σ. The (p, q)-th tropical homology
group is
Hq(X;Fp) = Hq(C•(X;Fp)).
We end this section with a lemma that will be applied in Section 3.2. For
a face τ of X, define the characteristic polynomial of τ to be
χτ (λ) :=
n∑
p=0
(−1)p dimFp(τ)λp.
Lemma 2.5. For a face τ of dimension k and sedentarity I of a tropical
hypersurface X ⊂ TPn+1, the characteristic polynomial of τ is
χτ (λ) = (1− λ)k
[
(1− λ)n−k+1−|I| − (−λ)n−k+1−|I|
]
.
Proof. By [Zha13, Theorem 4], the Z-multi-tangent spaces FZp (σ) are iso-
morphic to the dual of the p-th graded piece of the Orlik-Solomon algebra of
an associated projective hyperplane arrangement Aσ defined over the com-
plex numbers. Moreover, the Orlik-Solomon algebra of this arrangement is
isomorphic to the cohomology ring of the complement of the arrangement in
projective space so that FZp (σ) ∼= Hp(CPn\CAσ;Z). The homology groups
of the complement of a complex hyperplane arrangement are torsion free so
Fp(σ) ∼= Hp(CPn\CAσ;Z2).
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Let Pn−k denote the (n − k)-dimensional pair of pants; that is the com-
plement of n − k + 2 hyperplanes in general position in CPn−k. For a face
τ of X of dimension k and sedentarity I, the complement of the associ-
ated arrangement is Pn−k−|I| × (C∗)k. Therefore, we have the isomorphism
Fp(τ) ∼= Hp(Pn−k−|I| × (C∗)k;Z2). By the Ku¨nneth formula for the homol-
ogy groups we have
χτ (λ) = χPn−k−|I|(λ)χ(C∗)k(λ),
where χPn−k−|I|(λ) and χ(C∗)k(λ) are the Euler-Poincare´ polynomials of
Pn−k−|I| and (C∗)k, respectively. Calculating the homology of these spaces
shows that
χPn−k(λ) =
n−k−|I|∑
r=0
(−1)r
(
n− k − |I|+ 1
r
)
λr
= (1− λ)n−k+1−|I| − (−λ)n−k+1−|I|,
and
χ(C∗)k(λ) =
k∑
s=0
(−1)s
(
k
s
)
λs = (1− λ)k.
The product of these two polynomials is precisely the description of χτ (λ)
in the lemma. 
3. Real phase tropical hypersurfaces
In this section we provide a tropical formulation of primitive combinato-
rial patchworking using real phase structures on tropical hypersurfaces and
define the sign cosheaf on a tropical hypersurface.
3.1. Real phase structures and patchworking.
Definition 3.1. A real phase structure on a non-singular tropical hyper-
surface X in TPn+1 is a collection E = {Eσ}σ∈Facet(X∅) where Eσ ⊂ Zn+12 is
an n-dimensional affine subspace parallel to F1(σ). The collection E must
satisfy the following property:
If τ is a face of X∅ of codimension 1, then for any facet σ adjacent to τ and
any element ε ∈ Eσ, there exists a unique facet σ′ 6= σ adjacent to τ such
that ε ∈ Eσ′.
A non-singular tropical hypersurface equipped with a real phase structure
is called a non-singular real phase tropical hypersurface.
Example 3.2. Figure 1 depicts a real phase tropical line X in the tropical
projective plane TP 2. On each edge σ0, σ1, σ2 of the line there is a set of
vectors in Zn+12 . These vectors indicate all the points in the affine subspace
Eσi for a real structure E .
The vertex of the tropical line is the only codimension one face. For
(0, 0) ∈ Eσ1 , we have that (0, 0) ∈ Eσ2 and (0, 0) 6∈ Eσ0 . This is the condition
in Definition 3.1 for the face σ1 and the element (0, 0).
BETTI NUMBERS OF PATCHWORKED REAL HYPERSURFACES 9
{(0, 0), (1, 0)}
{(0, 0), (0, 1)}
{(0, 1), (1, 0)}
Figure 1. On the left is the real phase tropical line X ⊂
TP 2 with a real structure E from Example 3.2. On the right
hand side is its real part RXE in RP 2.
Example 3.3. Recall the tropical hyperplane described in Example 2.3 and
depicted on the right of Figure 2. The following collection of affine spaces
forms a real structure on X,
Eσ12 = Z2 {ε1, ε2} , Eσ13 = Z2 {ε1, ε3} , Eσ23 = Z2 {ε2, ε3} ,
Eσ01 = Z2 {ε0, ε1}+ ε3, Eσ02 = Z2 {ε0, ε2}+ ε1, and
Eσ03 = Z2 {ε0, ε3}+ ε2.
Given a real plane P ⊂ P3, the intersection of P with the coordinate
hyperplanes of P3 defines an arrangement of real lines on RP ∼= RP 2. Such is
the picture on the left hand side of Figure 2. Each region of the complement
of this line arrangement on RP ⊂ RP 3 lives in a single orthant of R3 =
RP 3\{x0 = 0}. In Figure 2, each connected component of the complement
of the line arrangement is labelled with the vector in Z32 corresponding to
this orthant. Let Li = {xi = 0} ∩ P ⊂ RP 3 and set pij = Li ∩ Lj . Notice
that the points contained in the affine space Eσij of the real structure on X
coincide with the collection of signs of the regions of the complement of the
line arrangement which are adjacent to the point pij .
We now describe how to obtain a space homeomorphic to RPn+1 by
glueing together multiple copies of TPn+1. For every ε = (ε1, · · · , εn+1) ∈
(Z2)n+1, let TPn+1(ε) denote a copy of TPn+1 indexed by ε. Then
RPn+1 '
⊔
ε∈Zn+1
TPn+1(ε)/ ∼,
where ∼ is the equivalence relation generated by identifying x ∈ TPn+1(ε)
and x′ ∈ TPn+1(ε′) for ε 6= ε′, such that [x0, · · · , xn+1] =
[
x′0, · · · , x′n+1
]
and
• if x0 6= −∞, then there exists a unique 1 ≤ j ≤ n + 1 such that
εj 6= ε′j . Moreover, we must have xj = x′j = −∞.
• if x0 = −∞, then we must have εi 6= ε′i for all 1 ≤ i ≤ n+ 1.
See the right hand side of Figure 1 for the glueing construction when n = 1.
Given a polyhedron σ contained in TPn+1 and ε ∈ Zn+12 we let σε denote
its copy in TPn+1(ε).
10 ARTHUR RENAUDINEAU AND KRISTIN SHAW
L2
(−,+,+)
(+,+,+)
(+,−,+)
(−,−,+)
L∞
(−,+,−)
(+,−,+)
(+,−,−)
L3
(+,+,−)
L1
σ12
σ01
σ03
σ02
σ13
σ23
Figure 2. The left hand side depicts a real line arrangement
in RP 2 arising from a linear embedding RP 2 → RP 3. On the
right is a tropical plane X in TP 3. A real structure on X is
described in Example 3.3.
Definition 3.4. Let (X, E) be a non-singular tropical hypersurface in TPn+1
together with a real phase structure E. The real part of X with respect to
the real phase structure E is denoted RXE and is the image in RPn+1 of⋃
facets of σ⊂X∅
ε∈Eσ
σε.
where σε denotes the closure of σε in TPn+1(ε).
The following theorem is the tropical reformulation of a particular case
of the combinatorial version of Viro’s patchworking theorem from [Vir84].
Theorem 3.5 (Combinatorial Viro’s patchworking). Let (X, E) be a non-
singular real phase tropical hypersurface of degree d in TPn+1. Then there
exists a non-singular real algebraic hypersurface V of Pn+1 of degree d such
that
(RPn+1,RXE) ' (RPn+1,RV ).
Remark 3.6. For the reader’s convenience, we explain the connection be-
tween the tropical version of combinatorial patchworking and Viro’s original
formulation as described in [Vir84, Ite93, Ris93].
Recall that ∆d,n+1 denotes the size d simplex of dimension n + 1. In
our context, the input of Viro’s original formulation is a primitive regular
subdivision of ∆d,n+1 together with a choice of sign δi ∈ {+,−} for each
lattice point i ∈ ∆d,n+1 ∩ Zn+1.
Given a tropical hypersurface X ∈ Rn+1, its dual subdivision is a regular
subdivision of ∆d,n+1 which, by definition, is primitive if X is non-singular.
Every edge e of the dual subdivision of ∆d,n+1 is dual to a facet σe of X.
From a real structure E on X we produce a collection of signs δi for all
i ∈ ∆d,n+1 ∩ Zn+1 as follows. Two vertices of an edge e of the subdivision
of ∆d,n+1 are assigned different signs if and only if Eσe contains the origin
(0, · · · , 0) in Zn+12 . For more details we refer to [Ren17, Lemma 1]. Upon
choosing the sign δ(0,...,0) arbitrarily, this rule determines a collection of signs
for each integer point in ∆d,n+1.
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From the subdivision of ∆d,n+1 and the assignment of signs to all lat-
tice points in ∆d,n+1, Viro’s construction builds a polyhedral complex in the
following way. For ε ∈ Zn+12 , let ∆d,n+1(ε) denote the symmetric copy of
∆d,n+1 in the orthant of Rn+1 corresponding to ε. Then
RPn+1 '
⋃
ε∈Zn+12
∆d,n+1(ε)/ ∼, (3.1)
where ∼ is the antipodal map. The triangulation of ∆d,n+1 induced by X
induces a symmetric triangulation of ∆d,n+1(ε). Moreover, the sign choices
δi ∈ {+,−} for i ∈ ∆d,n+1 ∩ Zn+1 induce choices of signs for ∆d,n+1(ε) for
all ε ∈ Zn+12 by way of the following rule: For i1, . . . , in ∈ ∆d,n+1(ε)
δ(i1,...,in) =
n+1∏
j=1
(−1)εjij
 δ(|i1|,...,|in+1|).
In other words, when passing from a lattice point to its reflection in a co-
ordinate hyperplane, the sign is preserved if the distance from the vertex to
the plane is even, and the sign is changed if the distance is odd.
For a simplex T in the subdivision of ∆d,n+1(ε) let ST denote the convex
hull of the middle points of the edges of T having endpoints of opposite
signs. Denote by S the union of all such ST considered in the quotient to
RPn+1 as in (3.1). Then S is an n-dimensional piecewise-linear manifold
contained in RPn+1. It turns out that pairs (RPn+1,RXE) and (RPn+1, S)
are homeomorphic and the two formulations of patchworking are equivalent.
From here a polynomial defining the hypersurface V from Theorem 3.5 can
be written down rather explicitly. If t > 0 is sufficiently large, the defining
polynomial of V is
Pt(x) =
∑
(i1,...,in+1)∈Zn+1∩∆d,n+1
δi1,...,in
(
xi11 · · ·xin+1n+1xd−
∑
ij
0
)
t−a(i1,...,in) ,
(3.2)
where the a(i1,...,in)’s are the coefficients from the tropical polynomial in (2.1).
3.2. The sign cosheaf. Let (X, E) be a non-singular real phase tropical
hypersurface in TPn+1. By definition, for any facet σ of X∅, the real phase
structure E gives an affine space Eσ of direction F1(σ). Let’s extend the real
phase structure to facets of higher sedentarity as follows. Recall the projec-
tion maps piIJ : F1(TPn+1I ) → F1(TPn+1J ) from (2.2) and the definition of
piστ . For τ a facet of XI , if τ∅ is the parent face of τ , then piτ∅τ (τ∅) = τ .
Define Eτ = piτ∅τ (Eτ∅). Notice that Eτ is an affine space of F1(TPn+1I ) which
is parallel to F1(τ).
Example 3.7. The tropical line in TP 2 from Example 3.2 contains three
points of non-empty sedentarity. The projections of the affine vector spaces
Eσ1 , Eσ2 for the horizontal and vertical edges are 0 ∈ F1(TPn+1{1} ) and 0 ∈
F1(TPn+1{2} ), respectively. For the diagonal edge σ0, the projective of Eσ0 is
1 ∈ F1(TPn+1{0} ).
Example 3.8. The real structure on the tropical plane P ⊂ TP 3 from
Example 3.3 can be extended to the facets of all strata PI for I a proper
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•{0} {(0, 0), (1, 0)}
σ1
•{0}
{(0, 0), (0, 1)}
σ2
•{1}
{(0, 1), (1, 0)}
σ0
Figure 3. The extension of the real structure on the tropical
line from Example 3.2 to faces of non-empty sedentarity.
subset of {0, . . . , n+ 1}. If |I| = 1 then PI is a tropical line like in Example
3.2. Consider for example I = {1} and the facet ρ2 = σ12 ∩ P{1}. The
projection piσ12ρ2 has kernel the first coordinate direction and therefore Eρ2
is the subspace of F1(TP 2{1}) spanned by e2. Furthermore, the point P{12}
has EP{12} = 0.
For any facet σ, we define the abstract vector space S(σ) with generators
in bijection with the elements of Eσ,
S(σ) = Z2 {wε | ε ∈ Eσ} .
The vector space S(σ) is a linear subspace of the abstract vector space
Z2
{
wε | ε ∈ Zn+1−|sed(σ)|2
}
.
Definition 3.9. Let (X, E) be a non-singular real phase tropical hypersur-
face. The sign cosheaf SE on X is defined by
SE(τ) =
∑
σ | τ⊂σ
sed(σ)=sed(τ)
S(σ). (3.3)
The maps of the cellular cosheaf
iστ : SE(σ)→ SE(τ)
are induced by natural inclusions when σ and τ are in the same boundary
stratum of X and otherwise are induced by the quotients piστ composed with
inclusions.
Example 3.10. We describe some of the vector spaces SE(τ) and maps
between them for the real structure on the tropical plane P ⊂ TP 3 from
Example 3.3. For the facets σ01, σ12, and σ13 of sedentarity ∅ from Example
3.3 we have,
SE(σ01) = Z2 {wε3 , wε1+ε3 , wε1+ε2 , wε2} ,
SE(σ12) = Z2 {w0, wε1 , wε2 , wε1+ε2} , and
SE(σ13) = Z2 {w0, wε1 , wε3 , wε1+ε3} .
BETTI NUMBERS OF PATCHWORKED REAL HYPERSURFACES 13
Consider the one dimensional face τ1 of sedentarity ∅ and in direction e1.
Then we have
SE(τ1) = Z2 {w0, wε1 , wε2 , wε1+ε2 , wε3 , wε1+ε3} ,
and there is an injection iσ12τ1 : SE(σ12)→ SE(τ1).
For the face ρ2 from Example 3.8 we have
S(ρ2) = Z2 {w0, wε2} ⊂ Z2
{
wε | ε ∈ F1(TPn+1{1} )
}
.
The map iσ12ρ2 : SE(σ12)→ SE(ρ2) has kernel equal to wε1 .
Lemma 3.11. If τ is a face of XI of dimension k, the dimension of SE(τ)
is
dimSE(τ) = 2n+1−|I| − 2k.
Proof. By definition, the Z2-vector space SE(τ) is the generated by the ele-
ments of
E(τ) :=
⋃
σ | τ⊂σ
sed(σ)=sed(τ)
E(σ).
It follows from [Ite97, Proposition 3.1], which is formulated in the original
description of Viro’s patchworking described in Remark 3.6, that #(E(τ)) =
2n+1−|I| − 2k. 
Corollary 3.12. For any face τ of X, we have∑
0≤p≤|τ |
dimFp(τ) = dimSE(τ).
Proof. Let τ be a face of XI of dimension k. It follows from Lemma 2.5 that
χτ (λ) = (1− λ)k
[
(1− λ)n−k+1−|I| − (−λ)n−k+1−|I|
]
,
By plugging λ = −1 in above and applying Lemma 3.11 we obtain∑
0≤p≤|τ |
dimFp = χτ (−1) = 2n+1−|I| − 2k = dimSE(τ).
This proves the statement of the corollary. 
Definition 3.13. The groups of cellular q-chains with coefficients in SE are
Cq(X;SE) =
⊕
dimσ=q
SE(σ).
The boundary maps ∂ : Cq(X;SE) → Cq−1(X;SE) are given by the direct
sums of the cosheaf maps iστ for τ ⊂ σ. The real tropical homology groups
are
Hq(X;SE) := Hq(C•(X;SE)).
For a non-singular phase real phase tropical hypersurface (X, E) in TPn+1,
we now relate the homology of the cellular cosheaf SE to the homology of
the real part RXE .
Proposition 3.14. Let (X, E) be a non-singular real phase tropical hyper-
surface in TPn+1. For all q we have Hq(RXE ;Z2) ∼= Hq(X;SE).
14 ARTHUR RENAUDINEAU AND KRISTIN SHAW
Proof. The statement follows by comparing the cellular chain complexes
C•(RXE ;Z2) and C•(X;SE). Firstly, we have
Cq(RXE ;Z2) =
⊕
σ˜∈RX
dim σ˜=q
Z2 {σ˜}
and the differential
∂ : Cq(RXE ;Z2)→ Cq−1(RXE ;Z2) (3.4)
is given componentwise by maps σ˜ →∑τ˜∈∂σ˜ τ˜ . We can rewrite these chain
groups as
Cq(RXE ;Z2) =
⊕
σ∈X
dimσ=q
 ⊕
σ˜∈RXE
∃ε|σε=σ˜
Z2 {σ˜}
 = ⊕
σ∈X
dimσ=q
SE(σ).
Therefore, by Definition 3.13 we have Cq(RXE ;Z2) ∼= Cq(X;SE) for all q.
Moreover, it follows from the definition of the maps iστ : S(σ)→ S(τ), that
the differentials of the chain complex C•(X;SE) coincide with the differen-
tials in (3.4) above. Therefore the chain complexes are isomorphic and the
isomorphism of homology groups follows. 
4. A filtration of the sign cosheaf
For a subset G ⊂ Zn+12 we define
wG :=
∑
ε∈G
wε.
For a facet σ of X, recall that Eσ is an affine subspace of Zn+12 parallel to
F1(σ). Let AGrp(Eσ) denote the affine Grassmannian of all p-dimensional
affine subspaces of Eσ, and define
Kp(σ) := Z2 {wG | G ∈ AGrp(Eσ)} ⊂ SE(σ).
Definition 4.1. Let (X, E) be a real phase tropical hypersurface. For all p,
we define a collection of cosheaves Kp on X. For τ a face of X of sedentarity
I, let
Kp(τ) =
∑
σ⊃τ
Kp(σ) ⊂ SE(τ)
where the sum is over facets σ of XI . The cosheaf maps Kp(τ1) → Kp(τ2)
for τ2 ⊂ τ1 are the restrictions of the maps iτ1τ2 : SE(τ1)→ SE(τ2).
If τ2 ⊂ τ1, then the facets adjacent to τ1 are a subset of the facets adjacent
to τ2. It follows that iτ1τ2(Kp(τ1)) ⊂ Kp(τ2) so that the cosheaf maps for Kp
are well-defined.
Example 4.2. Any two points wε1 , wε2 for ε1, ε2 ∈ F1(TPn+1I ) are con-
tained on an affine line. Moreover, these are the only points over Z2 con-
tained on the line. Therefore, every facet σ of sedentarity I of a real phase
tropical hypersurface X, the vector subspace K1(σ) ⊂ SE(σ) is generated
by wε1 + wε2 , for any vectors ε1, ε2 ∈ E(σ). This implies that K1(σ) is a
hyperplane inside SE(σ) defined by the linear form
∑
ε∈Eσ xε = 0 where the
xε’s form a dual basis to the wε’s.
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For a face τ of higher codimension, the space K1(τ) is also an hyperplane
inside SE(τ) defined by the linear form
∑
ε∈Eτ xε = 0. By definition of K1(τ)
we have that K1(τ) is contained in the hyperplane defined by
∑
ε∈Eτ xε = 0
To prove the reverse inclusion, it is enough to show that wε + wε′ ∈ K1(τ),
for any wε, wε′ ∈ SE(τ). Let σ and σ′ be two facets of X containing τ such
that ε ∈ Eσ and ε′ ∈ Eσ′ . The intersection σ ∩ σ′ is a face of codimension
either one or two. If it is a face of codimesion one, then by the condition
on a real phase structure in Definition 3.1, there exists ε1 ∈ Eσ ∩ Eσ′ . But
then wε + wε′ = (wε + wε1) + (wε1 + wε2) ∈ K1(τ). If σ ∩ σ′ is a face of
codimension two, then there exists a facet σ′′ such that σ∩σ′′ and σ′∩σ′′ are
of codimension 1 and σ∩σ′∩σ′′ = σ∩σ′. Therefore, there exist ε1 ∈ Eσ∩Eσ′′
and ε2 ∈ Eσ′′ ∩ Eσ′ and also in this case
wε + wε′ = (wε + wε1) + (wε1 + wε2) + (wε2 + wε′) ∈ K1(τ).
This shows that K1(τ) is also a hyperplane inside SE(τ) for all faces τ .
Lemma 4.3. For all p we have Kp+1(τ) ⊂ Kp(τ) for any face τ of X.
Proof. Over Z2, any affine space of dimension p + 1 can be written as a
disjoint union of two parallel affine subspaces of dimension p since
Zp+12 = (Z
p
2 × 0) ∪ (Zp2 × 1).
This completes the proof of the lemma. 
For each face τ we there is the filtration of SE(τ) given by
Kn(τ) ⊂ · · · ⊂ K2(τ) ⊂ K1(τ) ⊂ K0(τ) = SE(τ). (4.1)
Example 4.4. For the real phase tropical plane from Example 3.3 we de-
scribe the filtration in (4.1) for some faces. Following Example 4.2, for every
facet σij of X the vector space K1(σij) is of codimension one in SE(τ). For
any facets σij of X the vector space SE(σ) is two dimensional. Therefore,
the only element in AGr2(SE(σ)) is the whole vector space itself. This im-
plies that K2(σij) = Z2
{
wSE(σij)
}
, in particular it is one dimensional. For
instance for σ12 we have,
SE(σ12) = Z2 {w0, wε1 , wε2 , wε1+ε2} ,
K1(σ12) = Z2 {w0 + wε1 , w0 + wε2 , w0 + wε1+ε2} , and
K2(σ12) = Z2 {w0 + wε1 + wε2 + wε1+ε2} .
For the face τ1 from Example 3.10, since K1(τ1) is generated by K1(σ01),
K1(σ12), and K1(σ13), we have
K1(τ1) = Z2 {w0 + wε1 , w0 + wε2 , w0 + wε1+ε2 , w0 + wε3 , w0 + wε1+ε3} .
For p = 2 we have
K2(τ1) = Z2
{
wSE(σ01), wSE(σ12)
}
,
since wSE(σ01) + wSE(σ12) + wSE(σ13) = 0.
Definition 4.5. For any face τ , we define a map bvp : {wG} → Fp(τ), where
{wG} is the set of generators of Kp(τ), given by
wG 7→ v1 ∧ · · · ∧ vp,
where v1, . . . , vp is a basis of the vector space parallel to the affine space G.
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It is clear from the definition that bvp(wG) depends only on the vector
space parallel to the affine space G. Notice also that the vector v1 ∧ · · · ∧ vp
does not depend on the ordering of the vi’s since we are working over Z2. It
is not at all clear that the maps bvp, as defined above on the set of generators,
extend by linearity to the whole Kp(τ). The purpose of Definition 4.6 and
Lemma 4.7 is to prove that the maps bvp extend by linearity in a round
about way. For this purpose we set
Kp := Z2
{
wG | G ∈ AGrp(Zn+12 )
}
.
Notice that the proof of Lemma 4.3 also implies that Kp+1 ⊂ Kp. Therefore,
there is the filtration
Kn ⊂ · · · ⊂ K2 ⊂ K1 ⊂ K0 = Z2
{
wε | ε ∈ Zn+12
}
.
For vectors v1, · · · , vp ∈ Zn+12 , let wv1,··· ,vp = wZ2{v1,...,vp} if v1, . . . , vp are
linearly independent and set wv1,··· ,vp = 0 otherwise. Denote by
[
wv1,··· ,vp
]
the image of wv1,··· ,vp in the quotient Kp/Kp+1.
Definition 4.6. For all 0 ≤ p ≤ n define the map T̂p : (Zn+12 )p → Kp/Kp+1
by T̂p(v1, · · · , vp) =
[
wv1,··· ,vp
]
.
Lemma 4.7. The map T̂p induces a linear map Tp : Λ
p(Zn+12 ) → Kp/Kp+1
which is an isomorphism.
Proof. It suffices to show that the map T̂p is antisymmetric and p-linear.
Over Z2, antisymmetric is the same as symmetric and this follows directly
from the definition. Since we are over Z2, it remains to prove that
T̂p(v1 + v
′
1, v2, · · · , vp) = T̂p(v1, v2, · · · , vp) + T̂p(v′1, v2, · · · , vp). (4.2)
If the collections of vectors v1, v2, · · · , vp and v′1, v2, · · · , vp are both lin-
early dependent, then so is v1+v
′
1, v2, · · · , vp and (4.2) holds. If v1, v2, · · · , vp
are linearly independent and v′1, v2, · · · , vp are linearly dependent, then v1 +
v′1, v2, · · · , vp are linearly independent and they span the same vector space
as v1, v2, · · · , vp, and (4.2) holds.
Finally we consider the case when v1, v2, · · · , vp and v′1, v2, · · · , vp are both
linearly independent. If v1 +v
′
1, v2, · · · , vp are dependent, then v1, v2, · · · , vp
and v′1, v2, · · · , vp span the same vector space and so (4.2) holds. If v1 +
v′1, v2, · · · , vp are independent, then consider the p − 1-dimensional vector
space H = Vect(v2, · · · , vp). Denote by G = H ⊕ Vect(v1) and by G′ =
H ⊕ Vect(v′1). Then wG = wH + wH1 and wG′ = wH + wH′1 , where H1 andH′1 are the parallel affine spaces of H in G and G′, respectively. But then
G′′ = H1 ∪ H′1 is an affine subspace in AGrp(Zn+12 ) of direction Vect(v1 +
v′1, v2, · · · , vp) and one has wG′′ = wG + wG′ . Since [wG′′ ] =
[
wv1+v′1,··· ,vp
]
,
this proves (4.2) in the final case and shows that Tp is a linear map.
It remains to show that Tp is an isomorphism. It follows directly from
the definition that the map Tp is surjective, so that dimKp − dimKp+1 ≤
dim Λp(Zn+12 ) for all p. Moreover, one has
2n+1 = dimZ2
{
wε | ε ∈ Zn+12
}
=
n∑
p=0
dim Λp(Zn+12 ).
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Since the Kp form a filtration of K0, one has
dimK0 =
n∑
p=0
dimKp − dimKp+1 ≤
n∑
p=0
dim Λp(Zn+12 ).
Then dim Λp(Zn+12 ) = dimKp− dimKp+1, which completes the proof of the
lemma. 
We are now ready to prove that the maps bvp defined on generators in
Definition 4.5 are well-defined linear maps.
Proposition 4.8. The map bvp : Kp(τ)→ Fp(τ) is well-defined and linear.
Moreover, its kernel is Kp+1(τ).
Proof. For any face τ of sedentarity ∅ the map bvp : Kp(τ) → Fp(τ) is in
fact the composition of the inclusion map Kp(τ) ↪→ Kp, the quotient map
Kp → Kp/Kp+1 and T−1p . If τ is a face of non-empty sedentarity, we can filter
Fp(TPn+1I ) ∼= Λp(Zn+1−|I|2 ) by subspaces Kp in the same way and Lemma
4.7 still implies that Tp : Λ
p(Zn+12 )I → Kp/Kp+1 is an isomorphism and the
map bvp can be described in terms of Tp in the same way as above. This
proves the linearity of bvp for all p and faces τ .
It follows from the description of the map bvp on the generators given
in Definition 4.5 that bvp(Kp(τ)) = Fp(τ) and the map bvp is surjective.
Since over Z2 any affine space of dimension p+1 can be written as a disjoint
union of two parallel affine subspaces of dimension p, the inclusionKp+1(τ) ⊂
Ker(bvp) holds. By surjectivity of bvp,
dimFp(τ) ≤ dimKp(τ)− dimKp+1(τ).
Corollary 3.12 implies the following equalities,
n∑
p=0
dimFp(τ) = dimSE(τ) =
n∑
p=0
dimKp(τ)− dimKp+1(τ).
Therefore, we have dimFp(τ) = dimKp(τ) − dimKp+1(τ) and Kp+1(τ) =
Ker(bvp). This completes the proof. 
Proposition 4.9. For all faces τ ⊂ σ of X, the following diagram is com-
mutative
0 // Kp+1(σ) i //
iστ

Kp(σ)
bvp //
iστ

Fp(σ)
iστ

// 0
0 // Kp+1(τ) i // Kp(τ)
bvp // Fp(τ) // 0.
(4.3)
Proof. The exactness of the rows follows from Proposition 4.8. The commu-
tativity of the square on the left is immediate and the commutativity of the
square on the right follows from the description of bvp on the generators. 
The cellular q-chains with coefficients in Kp are defined by
Cq(X;Kp) =
⊕
dimσ=q
Kp(σ).
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Thanks to the commutativity of the left hand square of the diagram in
Proposition 4.9, there is the complex of relative chains
C•(X;Kp,Kp+1) := C•(X;Kp)/C•(X;Kp+1).
We let Hq(X;Kp,Kp+1) denote the q-th homology group of this complex.
Corollary 4.10. For all p and q we have isomorphisms
Hq(X;Kp,Kp+1) ∼= Hq(X;Fp).
Proof. For each q there is an isomorphism bvp∗ : Cq(X;Kp,Kp+1)→ Cq(X;Fp).
The commutativity on the right hand side of Proposition 4.9 implies that
bvp∗ induces an isomorphism of complexes C•(X;Kp,Kp+1) → C•(X;Fp).
Since the complexes are isomorphic, so are their homology groups and this
proves the statement of the corollary. 
Proposition 4.9 implies that the chain complexes C•(X;Kp) filter the
chain complex C•(X;SE) from Definition 3.13.
0 ⊂ C•(X;Kn) ⊂ · · · ⊂ C•(X;K1) ⊂ C•(X;SE)
This is a finite filtration of a complex of finite dimensional vector spaces,
therefore the spectral sequence associated to this filtration converges [McC01,
Theorem 2.6]. By definition, the first page of the spectral sequence of the
filtered complex consists of the relative chain groups,
E1q,p
∼= Hq(X;Kp,Kp+1).
The next corollary follows immediately from Corollary 4.10.
Corollary 4.11. The first page of the spectral sequence associated to the
filtration of the chain complex C•(X;SE) by the chain complexes C•(X;Kp)
has terms
E1q,p
∼= Hq(X;Fp).
Proof of Theorem 2. Primitive patchworkings in toric varieties other than
projective space can also be formulated tropically as in Section 3.1. For a
non-singular tropical hypersurface X of a tropical toric variety, a real phase
structure E on X is prescribed on the facets of X ∩ Rn+1 as in Definition
3.1. This phase structure can be extended to the boundary strata of X
just as done in Section 3.2. Then the construction of the sign cosheaf SE
on X is exactly as in Section 3.9 and just as in Proposition 3.14 we have
Hq(RXE ;Z2) ∼= Hq(X;SE), where RXE is homeomorphic to the real alge-
braic hypersurface RV arising from the patchworking.
There is once again a filtration of SE by cosheaves Kp even when the
ambient tropical toric variety is not the projective space. This is since the
maps bvp : Kp(τ)→ Fp(τ) are locally defined and therefore they satisfy all of
the properties proved in this section, including the commutativity property
in Proposition 4.9. The spectral sequence of this filtration converges to give
the homology of RXE , moreover it has first page E1q,p ∼= Hq(X;Fp). This
completes the proof. 
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Figure 4. On the left is a non-singular cubic with a twist-
admissible set of edges. On the right hand side is the image
by the coordinatewise logarithm map of RV .
5. Case of plane curves
In the case of plane curves, Viro’s patchworking construction can be refor-
mulated in terms of twists. Given a tropical curve C ⊂ TP 2 a patchworking
is described by choosing a subset T of the bounded edges of C ∩ R2 which
satisfy an admissibility conidtion. A precise description of this approach
can be found in [BIMS15, Section 3.2]. Using this formulation we describe
explicitly the map
∂1 : H1(C;F0)→ H0(C;F1)
arising from the spectral sequence on the chain level.
Example 5.1. Figure 4 shows a non-singular plane tropical cubic with a
twist-admissible set of edges, and the image by coordinatewise logarithm
map Log of the real part RC of the curve C which is defined by the poly-
nomial Pt from (3.2) for t sufficiently large. Figure 5 depicts RV . Notice
that this curve is maximal in the sense of Harnack’s inequality, namely
b0(RV ) = g(CV ) + 1.
Let C˜ denote the first barycentric subdivision of C, which results in adding
a vertex in the middle of each edge. Then the vertices of C˜ are the vertices
of C together with additional vertices ve for each edge of C. For every edge e
of C there are now two edges e′ and e′′ of C˜, moreover ve is in the boundary
of each of these edges.
We can extend any cellular cosheaf G, in particular, F0,F1, or SE , to
a cellular cosheaf on C˜ in the following way. Set G(e˜′) = G(e˜′′) = G(e).
If ve is the midpoint of an edge e then define G(ve) = G(e). The cosheaf
morphisms G(e˜′) → G(ve) are the identity maps. Changing the cellular
structure does not change the homology groups of the cosheaves F0,F1,
and SE . Namely, Hi(C˜;F0) ∼= Hi(C;F0), Hi(C˜;F1) ∼= Hi(C;F1), and
Hi(C˜;SE) ∼= Hi(C;SE).
For a cellular homology class γ ∈ H1(C;F0), we denote by Supp(γ) the
collection of edges of C appearing in some chain representing γ. This is well
defined since we are working with Z2-coefficients.
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Figure 5. The real part RV for the real cubic from Figure
4 and Example 5.1.
Theorem 5.2. For a patchworking of a non-singular tropical curve C ⊂
TP 2 corresponding to a collection of twists T of edges of C the boundary
map ∂1 : H1(C˜;F0)→ H0(C˜;F1) is given by
∂1(γ) =
∑
e∈T∩Supp(γ)
ve ⊗ se,
where se is the generator of F1(ve). In particular, the number of connected
components of RC is equal to 1 + dim Ker(∂1)
Proof. It is enough to prove the statement for cycles in C which are bound-
aries of bounded connected components of the complement R2\C since they
form a basis of H1(C;F0). Given such a cycle γ ∈ C1(C˜;F0), we first choose
a lift γ˜ ∈ C1(C;SE) as follows. Let v be a trivalent vertex of C and suppose
that v is in the cycle γ. Let e˜1 and e˜2 be the two edges of C˜, or “half edges”
in C, which share the endpoint v and are contained in γ, see Figure 6. Let
ε(v) denote the unique element in SE(e˜1)∩SE(e˜2) by Definition 3.1. We set
γ˜ =
∑
e˜∈γ∩C˜
e˜⊗ wε(v) ∈ C1(C;SE),
where in the sum above v is the unique trivalent vertex of C˜ adjacent to the
edge e˜.
If e ∈ Edge(C ∩ γ) ∩ T and v, v′ are the two adjacent vertices of e, then
wε(v) and wε(v′) are different and
bv1(wε(v) + wε(v′)) = we ∈ F1(e).
It e is not twisted, then wε(v) = wε(v′). This proves that ∂γ˜ ∈ C0(C;K1) is
supported by the midpoints of twisted edges and that the image by bv1 of
the coefficient over e is exactly we, the generator of F1(e). This proves the
lemma. 
5.1. M-curves and Haas theorem. Haas in his thesis [Haa97] studied
maximal curves obtained by combinatorial patchworking. In particular, he
found a necessary and sufficient criterion for maximality (see also [BIMS15,
Section 3.3] and [BBR17]). Here as an example we reformulate and reprove
Haas’ criterion for maximality using the techniques of the last section.
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•
•
•
e˜1
e˜2
v
(ε′, ε(v)) = SE(e1)
(ε′′, ε(v)) = SE(e2)
Figure 6. The cycle γ of the cubic from Figure 4 and the
lift around a vertex.
Definition 5.3. An edge e of a plane tropical curve C is called exposed if
e is in the closure of an unbounded connected component of R2\C. The set
of exposed edges is denoted by Ex(C).
Theorem 5.4 (Haas’ maximality condition). A patchworking of a non-
singular tropical curve C ⊂ TP 2 coming from a collection of twisted edges
T ⊂ Edges(C) is maximal if and only if T ⊂ Ex(C) and for every cycle
γ ∈ H1(C;Z2) the intersection γ ∩ T consists of an even number of edges.
Proof. By Theorem 2, the curve RC is maximal if and only if ∂1 = 0.
Cycles in C1(C;F0) which are boundaries of connected components of the
complement R2\C form a basis of H1(C;F0). There are g := b1(C) such
cycles and we denote them by γ1, . . . , γg. Therefore, it suffices to show that
∂1(γi) = 0 for all i.
For C a non-singular tropical curve there is a non-degenerate pairing:
〈 , 〉 : H0(C;F1)×H1(C;F0)→ Z2
induced from the pairing on integral homology groups for non-sinuglar trop-
ical curves in [Sha11]. A similar non-degenerate pairing defined between
tropical homology and cohomology groups is also defined in [BIMS15, Sec-
tion 7.8] and [MZ14, Section 3.2]. On the chain level this pairing is:
〈β, γ〉 = |EdgeSupp(β′) ∩ γ| mod 2,
where β′ ∼ β and β′ ∈ C0(C˜;F1) is supported on the midpoints of edges
of C. The set EdgeSupp(β′) consists of the edges of C whose midpoint is
in the support of β′. Therefore, it suffices to show that for all pairs of such
cycles γi and γj the non-degenerate pairing 〈∂1(γi), γj〉 is zero.
The intersection γi∩T is even if and only if 〈∂1(γi), γi〉 = 0. Secondly, the
pairing 〈∂1(γi), γj〉 = 0 if and only if γi ∩ γj ∩ T is a set of even cardinality.
Since γi and γj are boundaries of convex regions in R2 they can only intersect
in at most one edge of C. Therefore, the intersection γi ∩ γj ∩ T must be
empty and the statement is proved. 
Example 5.5. The two patchworkings of the tropical quartic C in Figure
7 are not maximal. Let’s compute the rank of ∂1 in both cases. Denote by
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Figure 7. Two non-maximal patchworkings of a tropical
quartic. On the left hand side, the patchworking has 2 con-
nected components of the real part. On the right hand side,
the patchworking has 3 connected components of the real
part.
γ1, γ2, γ3 the 3 cycles which are boundaries of bounded connected compo-
nents of the complement R2\C, and by γ∗1 , γ∗2 , γ∗3 the dual basis in H0(C,F1).
In the first case the map ∂1 is given in the basis γi and γ
∗
i by the following
matrix: 0 1 11 0 1
1 1 0
 .
The rank of this matrix is 2 and the number of connected components of
the real part of the curve is 2. In the second case, the map ∂1 is given by
the following matrix: 1 1 11 1 1
1 1 1
 .
Here the rank is 1 and the number of connected components of the real part
of the curve is 3.
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